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Abstract. The cooling of the metal cluster Pd13 in an atmosphere of rare gas has been studied by means
of computer simulation. By simulation, the average energy transfer in collisions between one cluster and
one gas atom has been obtained. Emphasis has been placed on conditions when the temperatures of the
colliding species are almost equal. All modes of motion, inclusive the translation, must be considered in
order to obtain vanishing energy transfer at equilibrium. A simulation scheme is presented by which the
energy transfer is zero to the cluster when the gas and the cluster temperatures are equal. At equilibrium
the energy transfer does however not vanish for all impact parameters. In the collisions with Pd13, the
cluster is heated by collisions with a small impact parameter but equally cooled by collisions with a large
impact parameter. Argon and krypton are found to cool Pd13 equally efficiently while neon and helium
are less efficient cooling agents.

PACS. 34.10.+x General theories and models of atomic and molecular collisions and interactions (including
statistical theories, transition state, stochastic and trajectory models, etc.) – 34.30.+h Intramolecular
energy transfer; intramolecular dynamics; dynamics of van der Waals molecules – 36.40.-c Atomic and
molecular clusters

1 Introduction

In cluster experiments it has been observed that many
properties of free clusters, i.e. unsupported clusters in
near-vacuum, depend on the internal cluster temperature.
For instance, the ionization potential [1–3], reactivity [4]
and magnetic moments [5] show dependence on the tem-
perature. Therefore, there is an experimental need to know
the temperature of a cluster in a cluster beam. Methods
have been developed to vary the temperature of clusters
by use of a surrounding gas serving as a heat bath [6,7].
Schmidt et al. [7] have used a heat bath to thermalize
sodium clusters at various temperatures. From experi-
ments, they have then been able to determine the heat
capacity of sodium clusters as a function of temperature.
Using the fact that the transition from rigid to molten
cluster leads to a maximum in the heat capacity, they
have also obtained the melting temperature for various
cluster sizes. It is generally assumed that when a cluster
is cooled in a heat bath, it is brought into thermal equilib-
rium with the gas. In previous papers [8–10], the number
of collisions required to cool the metal clusters Pd13 and
Pd55 in a helium atmosphere was investigated by means
of molecular dynamics simulation. In this work the simu-
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lations are refined and extended to include also collisions
between Pd13 and the rare gases Ne, Ar and Kr.

In order to computationally resolve the cooling pro-
cess of a cluster in a gas atmosphere the average energy
transfer and the cluster heat capacity must be known at
different cluster temperatures. In this work, molecular dy-
namics simulation has been used to calculate the average
energy transfer. The heat capacity of Pd13 has been cal-
culated in previous work of ours [11] using Monte Carlo
simulations.

The emphasis of this work is on the study of colli-
sions using different rare gas atoms. Collisions involving
atoms and molecules have been a field of importance in
chemistry and physics throughout the twentieth century
and it still attracts much attention. One of the reasons
is that in the RRKM theory [12] of unimolecular reac-
tions, the energy transfer in the collisions is one of the
two mechanisms determining the reaction rate. In such
investigations the aim is to determine the kernel function
P (E′, E) which is the probability of changing the energy
from E to E′ in a collision [13]. However, collisions are
studied for many other reasons. For instance, deposition
of clusters on substrates is a topic which employs many
scientists these days [14–16]. Collisions between clusters
and rare gas atoms are in a sense an intermediate case
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between molecule–molecule and molecule–surface colli-
sions. The cluster is sufficiently large so that only a frac-
tion of the cluster participates in the encounter. On the
other hand, the cluster is sufficiently small, that the col-
lisions will significantly affect the cluster, for instance to
cool it.

In our previous publications [8–10] on collisions the
translational and rotational energy of the cluster was ini-
tially zero. Hence, these degrees of freedom were always
heated and therefore, the energy transfer was not precisely
zero when the initial gas and cluster temperatures were
equal. In the study of cooling, energy transfer data near
equilibrium is required. Hence, the non-zero energy trans-
fer at equilibrium in our earlier publications is a problem.
In the present work a new simulation scheme to generate
correct initial configurations and momenta of cluster and
gas atom is derived. Indeed, the equilibrium condition of
zero energy transfer at equal temperatures is now satisfied.

This paper is organized as follows. In Section 2 the dif-
ferential equation that governs the temperature decay is
formulated. A detailed derivation of the distributions re-
quired for the simulations are presented in Appendix. The
results of the heat capacity calculations for Pd13 are pre-
sented in Section 3. The simulation of the energy transfer
is described in Section 4. In Section 5 calculations of colli-
sion cross-section and collision frequency is presented. In
Section 6 the results are given and conclusion are found
in Section 7.

2 The cooling equation

The process we want to simulate is the cooling of a di-
lute component of clusters in a low-pressure atmosphere
of rare gas. The lowest gas temperature in our calculations
is 100 K. This is below the critical temperature of argon
and krypton. But the pressure we consider (100 mbar) is
below the vapor pressure at 100 K (3 300 mbar for Ar and
130 mbar for Kr [17]). Thus the rare gases are always in
the gas phase.

With the condition that the cluster concentration is
much lower than the gas concentration, the clusters will
mostly collide with rare gas atoms, and very rarely with
other clusters. Furthermore, since the rare gas pressure is
low, the clusters will seldom collide with two gas atoms si-
multaneously. The rare gas atoms may be trapped by the
attractive potential when the gas and cluster are cold. In
such cases the gas atom makes multiple encounters with
the cluster before it eventually leaves. In the most ex-
treme case of cold krypton and cold Pd13 only 1.5% of
the collisions lasted longer than the average time between
collisions (at 100 mbar). Hence, collisions between Pd13

and two gas atoms simultaneously are very rare.
The rare gas has a fixed temperature Tg and the clus-

ters are initially at temperature Tc (0). We assume that
the translational and the internal (internal = vibrational
+ rotational) modes of motion are in thermal equilibrium
at time t = 0. Assuming that all degrees of freedom of the
cluster are in equilibrium after each collision, the cooling

of the clusters can be described by the following differen-
tial equation:

d 〈E〉 = cv (Tc) dTc = 〈∆E〉Tc,Tg
· z (Tc, Tg, Pg) dt. (1)

Here cv (Tc) is the heat capacity of the cluster at the clus-
ter temperature Tc. 〈∆E〉Tc,Tg

is the average energy trans-
fer to the cluster per collision and z (Tc, Tg, Pg) is the av-
erage number of collisions experienced by one cluster per
unit time when the cluster and gas temperatures are Tc

and Tg, respectively, and the gas pressure is Pg.
Note, however, that the energy transfer is expected

to be more efficient to the translation than to the internal
modes of motion. Also in our simulations we have observed
that∣∣∣∣ 〈∆Etrans〉

ctrans

∣∣∣∣ >

∣∣∣∣ 〈∆Eint〉
cint

∣∣∣∣⇒
∣∣∣∣dTtrans

dt

∣∣∣∣ >

∣∣∣∣dTint

dt

∣∣∣∣ · (2)

Here ctrans = 3kB/2 and cint = cv − ctrans are the heat
capacities of the translational and internal modes, re-
spectively. Ttrans is the translational temperature and is
given by

3kBTtrans/2 = 〈Etrans〉 , (3)

and Tint is the internal temperature given by

Tint∫
0

cint (x) dx = 〈Eint〉Tint
− E0, (4)

where E0 = −34.6 eV is the minimum potential energy
of Pd13 and kB is Boltzmann’s constant. Shortly after the
cooling has started Ttrans will be lower than Tint. Therefore
the cooling process ought to be studied with Ttrans and Tint

being free to differ. The cooling equation as in equation (1)
must then be replaced by a system of coupled differential
equations


d 〈E〉trans = ctrans (Ttrans) dTtrans

= 〈∆Etrans〉
Tg,Ttrans,Tint

· z (Ttrans, Tg) dt

d 〈E〉int = cint (Tint) dTint

= 〈∆Eint〉
Tg,Ttrans,Tint

· z (Ttrans, Tg) dt

·

(5)

Here 〈∆Etrans〉
Tg,Ttrans,Tint

and 〈∆Eint〉
Tg,Ttrans,Tint

are the
average energy transfer to the translational and to the
internal degrees of freedom of the cluster, respectively, at
the temperatures Tg, Ttrans and Tint.

In this paper we will assume that the rotational and
vibrational temperatures are in equilibrium at all times.
The rotational motion is in the cluster decoupled from the
vibrational motion by the conservation of angular momen-
tum. However, the anharmonic vibrational-rotational cou-
pling causes the rotational and vibrational energies to vary
in an oscillatory manner. Despite our present assumption
we believe that vibrational and rotational energies gen-
erally differ in experiments. As a matter of fact, it has
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been observed that the vibrations are warmer after the
cluster aggregation [18,19] in the laser vaporization tech-
nique [20,21]. Hence the rotational and vibrational tem-
peratures are not even equal as the clusters enter the heat
bath. However, the rotational degrees of freedom are few
in comparison with the vibrational ones and a separation
of rotational and vibrational temperatures would make the
calculation even more complex. Therefore we assume equi-
librium in the internal degrees of freedom. In contrast, the
separation of translational and internal degrees of freedom
in the calculations is simple.

In this paper the temperature decay from Ttrans =
Tint = 1 300 K in a rare gas atmosphere of 100 K
and 300 K, respectively, will be followed by computa-
tion. In order to calculate how the cluster tempera-
tures decrease with time, the following functions must be
known: ctrans and cint in the temperature interval 100 K
to 1 300 K, z (Ttrans, Tg) when Ttrans ∈ [100 K, 1 300 K]
and Tg = 100 K and 300 K, respectively. More-
over, 〈∆Etrans〉

Tg,Ttrans,Tint
and 〈∆Eint〉

Tg,Ttrans,Tint
must be

known for a grid of temperatures covering the intervals
100 K ≤ Ttrans ≤ Tint ≤ 1 300 K and Tg = 100 and 300 K,
respectively. When Ttrans = Tint we will write Tc for both
in the text.

3 The heat capacity

For a system in canonical equilibrium, in which the vol-
ume, temperature and number of particles are fixed, the
heat capacity at constant volume is proportional to the
fluctuations in energy

cv (Tc) =
Var [E]
kBT 2

c

=

〈
E2
〉

Tc
− 〈E〉2Tc

kBT 2
c

· (6)

The contribution to the heat capacity from the kinetic en-
ergy is cv,kin = 3nkB/2, where n = 13 is the number of
atoms in the cluster. The contribution from the potential
energy has been obtained in Monte Carlo simulations [11].
In these simulations a large number of spatial configura-
tions, {R}, were generated according to the Boltzmann
probability distribution

f (R) ∝ exp
(
−U (R)

kBTc

)
, (7)

where U (R) is the potential energy of configuration R. A
configuration is a vector of all spatial coordinates of the
cluster atoms, R = [x1, y1, z1, x2, ..., zn]. The variance in
potential energy is obtained from the Monte Carlo simu-
lations as

Var [U ] =
〈
U2
〉− 〈U〉2 , (8)

where the averages are over all the spatial configura-
tions {R}. In the canonical ensemble the kinetic and po-
tential energies are independent, thus we finally obtain the
total heat capacity as

cv (Tc) =
3nkB

2
+

〈
U2
〉− 〈U〉2
kBT 2

c

· (9)

Fig. 1. The heat capacity at constant volume is shown for
Pd13 divided by the harmonic heat capacity, cH = 36kB. The
results are from Monte Carlo simulations [11].

The heat capacity obtained from the Monte Carlo simu-
lations is shown in Figure 1. At very low temperature the
heat capacity approaches the harmonic limit, cH = 36kB,
when the vibrations are all harmonic. When the cluster
temperature is increased, the vibrations become more and
more anharmonic (leading to a higher heat capacity) un-
til the cluster finally starts to melt. A finite system does
not melt at a single temperature by a proper phase transi-
tion [22–24], but rather melts over a temperature interval
which in the case of Pd13 extends approximately from 900
to 1 300 K. A more detailed description of the heat ca-
pacity calculations from Monte Carlo simulations can be
found in a previous publication of ours [11].

4 Energy transfer in collisions between Pd13

and rare gases

4.1 Initial positions and velocities

The average energy transfer to the translational and the
internal degrees of freedom, respectively, must be calcu-
lated in order to solve the cooling equation (Eq. (5)). We
do this by means of molecular dynamics simulation of
a large number of collisions between a single gas atom
and a single cluster. The trajectories are integrated us-
ing the Runge-Kutta fourth order algorithm [25] with the
timesteps 0.5, 0.5, 0.75 and 1.0 fs for the collisions with
He, Ne, Ar and Kr, respectively. At the start of the trajec-
tory the distance from the gas atom to the nearest cluster
atom equals the cut-off of the gas-Pd potential. Similarly,
the trajectory is interrupted when the gas atom is more
distant to any cluster atom than the cut-off distance. The
total energy is conserved to at least 10−5 eV. In order to
calculate the energy transfer averages that correspond to
the desired temperatures Tg, Ttrans and Tint, the initial
gas and cluster atomic coordinates and velocities must
be correctly distributed. In our earlier studies of the en-
ergy transfer [8–10] we performed similar simulations of
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collisions between He and Pd13 and Pd55, but the distri-
butions were not correct. First, the cluster was initially
rotationally and translationally frozen. Hence, the energy
transfer to the cluster rotation and translation was always
positive which is a problem when the gas and cluster tem-
peratures are close. Second, the distribution of the relative
speed of the gas atom and the cluster was based on infinite
cluster mass. Third, the initial coordinate configuration
of the cluster was extracted from a microcanonical en-
semble and did only approximately represent the desired
temperature. The error introduced in this way is gener-
ally small when a large cluster interacts with a small gas
atom or molecule and the gas and cluster temperatures
differ significantly. But the error is of importance in some
of our present applications. Therefore, distribution func-
tions without these approximations have been derived as
presented in Appendix and used throughout the present
study. In Appendix we find that the following parame-
ters must be randomly generated in the selection of the
starting point of the collision.

(i) The internal coordinates of the cluster atoms at
the temperature Tint are generated by Monte Carlo sim-
ulations [11]. The cluster center of mass is placed in the
origin.

(ii) The internal velocity in the x-direction of an atom
in the cluster should be sampled according to

f (vx,j) ∝ exp

(
−mPdv

2
x,j

2kBTint

)
, j = 1, ..., 13, (10)

with a subsequent subtraction of the center of mass veloc-
ity. Here mPd is the mass of one palladium atom. Analo-
gous sampling applies for the y- and z-directions. The set
of internal velocities and the set of spatial configurations
are combined to form a set of initial configurations of the
cluster.

(iii) The probability density of the impact parameter
should be given by

fb (b) =
2b

b2
max

, (11)

where bmax is the maximal impact parameter used in the
simulations. In contrast we have used

f̃b (b) =




2ς, 0 < b < b1

ς, b1 < b < bmax.
0, b > bmax

(12)

The value of ς is given by the normalization condition on
f̃b (b) . The reason for simulating relatively many trajecto-
ries with small b is that these trajectories contribute most
significantly to the average energy transfer and the sta-
tistical accuracy is thereby enhanced. The correct average
energy transfer will still be obtained since an appropri-
ate weight factor will compensate for not using fb (b). The
parameter bmax is chosen so that the interaction between
the gas and the cluster is negligible if b > bmax. We have
used bmax = 12, 12, 14 and 15 Å for the collisions with He,
Ne, Ar and Kr, respectively. In all the collisions b1 = 8 Å.

Fig. 2. The typical shape of f̃R (vR) used in the simulations is
shown.

The gas atom is placed so that the distance to the nearest
palladium atom is equal to the cut-off of the correspond-
ing Lennard-Jones potential. The collision is aborted when
the rare gas atom again is out of the range of interaction
from the cluster.

(iv) The relative speed between the gas and the cluster
should be distributed according to

fR (vR) ∝ v3
R exp

(
−αv2

R

2kB

)
, (13)

where

α =

mg

Tg

mc

Ttrans
mg

Tg
+

mc

Ttrans

· (14)

Here mg and mc are the gas mass and cluster mass, re-
spectively. However, instead of using the temperature-
dependent fR (vR) for generation of vR we have used
a temperature-independent normalized function f̃R (vR).
The consequence is that Tg and Ttrans need not be set
before the simulations are run. Thus, the same set of sim-
ulations can be used for various Tg and Ttrans and the sav-
ing of computational time is considerable. Again, a weight
factor will compensate for not generating vR according to
fR (vR) . The choice of f̃R (vR) is arbitrary but in order
to obtain a small statistical error we have used a function
that is a compromise between the distributions in equa-
tion (13) in the temperature intervals 100 K < Tg < 900 K
and 100 K < Ttrans < 1 100 K. For simplicity we let f̃R (vR)
be linear in v2

R (see Fig. 2).
The energy transfer to the cluster as well as to the

translational and internal degrees of freedom, respectively,
can be calculated for the collision i as

∆Etot,i = −mg

2

(
(vg,i + ∆vg,i)

2 − v2
g,i

)
(15)

∆Etrans,i =
mc

2

(
(vc,i + ∆vc,i)

2 − v2
c,i

)
(16)

∆Eint,i = ∆Etot,i − ∆Etrans,i. (17)
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Here vc and vg = vR +vc are the initial cluster (center of
mass) translational velocity and the initial gas atom ve-
locity, respectively, and ∆vc and ∆vg are the changes in
vc and vg during the collision. The initial cluster trans-
lational velocity must be randomly generated too. Note
that the generation of vc is not needed for the simulation
but only for the energy transfer calculation. Let us express
this velocity as a sum of two components. One component
is parallel and the other component is perpendicular to
the relative velocity between gas and cluster,

vc = vc‖ + vc⊥ . (18)

The distribution of the components is

fc‖|R
(
vc‖ |vR

) ∝ exp

(
−
(
vc‖ + δvR

)2
2λ2

)
, (19)

fc⊥|R (vc⊥ |vR) ∝ exp
(
−v2

c⊥
2λ2

)
, (20)

where

δ =

mg

Tg
mg

Tg
+

mc

Ttrans

(21)

and

λ =

√√√√ kB
mg

Tg
+

mc

Ttrans

· (22)

An appropriate weight factor will make sure that the
average energy transfer corresponds to the desired tem-
peratures Tg, Ttrans and Tint:

〈∆E〉
Tg,Ttrans,Tint

≈

N∑
i

∆Eig (bi, vR,i)

N∑
i

g (bi, vR,i)
(23)

where

g (b, vR) =
fb (b) fR (vR)
f̃b (b) f̃R (vR)

· (24)

(See Appendix).
We are also going to study the energy transfer as a

function of the impact parameter. The average energy
transfer for the collisions with b′ < b < b′′ is

〈∆E〉
Tg,Ttrans,Tint,b

≈

Nb∑
i

∆Eig (bi, vR,i)

Nb∑
i

g (bi, vR,i)
, (25)

where only the Nb collisions with b′ < b < b′′ are included
in the sums.

4.2 Model potentials

The interaction between the atoms in the cluster is de-
scribed by the Many-Body Alloy potential, developed by
Tománek and co-workers [26]. The potential energy of the
cluster is written as a sum of the cohesive energies of all
atoms in the cluster

U (R) =
N∑

j=1

Uj , (26)

where

Uj = −ξ0

√∑
k �=j

exp (−2q (rjk/r0 − 1))

+ ε0
∑
k �=j

exp (−p (rjk/r0 − 1)) . (27)

Here rjk is the distance between atoms j and k. The re-
pulsive part of the binding energy is of pairwise Born-
Mayer type. In the attraction, many-body character is
included by a tight-binding second-moment approxima-
tion of the d band density of states. We have used the
parameters that were calculated by fitting the energy to
LDA calculations of the minimal energy structure of bulk
palladium [26]. The parameter values are ξ0 = 1.2630 eV,
ε0 = 0.08376 eV, r0 = 2.758 Å, p = 14.8 and q = 3.40. The
same parameters have been used in our previous publica-
tions on cluster cooling [8–10] and in the heat capacity cal-
culation and initial cluster configuration generation [11].

For the interaction between one cluster atom and the
rare gas atom we have used the Lennard-Jones potential

ULJ (rj) = 4ε

((
σ

rj

)12

−
(

σ

rj

)6
)

, j = 1, ..., 13,

(28)

where rj is the distance between the gas atom and cluster
atom number j. The interaction between the gas atom and
one palladium atom is approximated by replacing palla-
dium with the next larger rare gas atom, namely xenon.
Then the Lorentz-Berthelot rules are applied. According
to the these rules [27] the Lennard-Jones parameters for
He–Xe are

σHe−Xe = (σHe−He + σXe−Xe)/2 = (2.58 Å + 4.06 Å)/2

= 3.32 Å (29)
εHe−Xe =

√
εHe−HeεXe−Xe

=
√

0.88 × 19.7 meV = 4.2 meV. (30)

The parameters for Ne–Xe, Ar–Xe and Kr–Xe are cal-
culated analogously giving σ = 3.425, 3.74, 3.835 Å
and ε = 7.8, 14.5, 18.0 meV, respectively. The original
Lennard-Jones parameters are taken from reference [28].
As Lennard-Jones cut-off distance we have used 8, 9, 10
and 12 Å for He, Ne, Ar, and Kr, respectively.
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Fig. 3. 〈b |∆E|〉b versus b is shown for collisions with Kr and
Ne. Gas and cluster temperatures are 700 K. The shaded areas
show 95% of the total areas.

5 The collision frequency and cross-section

Since the energy transfer is from a mathematical point of
view non-zero for any impact parameter when using clas-
sical mechanics, the separation between hits and misses
is arbitrary in simulations. The average energy transfer
depends on what gas atom trajectories we regard as hits
and which ones we regard as misses. The larger the cross-
section is, the smaller is the average energy transfer. A
normal procedure to estimate a cross-section is to study
the energy transfer versus b [29]. In Section 6.2 (Fig. 8)
we will find that when the cluster and gas are near equi-
librium, the plot of 〈∆E〉b will change from positive to
negative to zero with increasing b. This behavior makes
plots of 〈∆E〉b versus b unsuitable for cross-section es-
timations when Tg ≈ Tc. Instead we have used the curve
〈b |∆E|〉b versus b for cross-section estimation (see Fig. 3).
The energy transfer, regardless of sign, is a measure of the
interaction between the gas and the cluster and 〈b |∆E|〉b
will naturally always be positive and it shows a tail for
large b. The cross-section radius, csr =

√
cross-section /π,

of the collisions we define by

csr∫
0

〈b |∆E|〉b db

∞∫
0

〈b |∆E|〉b db

= 0.95. (31)

The choice of 0.95 as the limit is of course arbitrary. The
cross-section radius varies only a few percent with cluster
temperature but is more sensitive to the gas temperature.
In Figure 4, csr at Tc = 700 K is drawn for various gas
temperatures and different gases. The cross-section radius
increases significantly with decreasing gas temperature.
This result is not surprising. When the gas temperature is
low, i.e. the gas speed is on average low, the attraction of
the potential can capture gas atoms for far larger impact
parameters than for high Tg.

Fig. 4. The collision cross-section radius, csr, versus gas tem-
perature in collisions with He (stars), Ne (triangles), Ar (rings)
and Kr (pentagrams) is shown. The temperature of Pd13 is
700 K.

The cross-sections in Figure 4 vary considerably be-
tween the different rare gases but the differences are
almost independent of gas temperature. However, the
cross-section radii do not compare favorably with those
predicted by the formula for the geometric cross-section
radii proposed by Leopold et al. [30],

csr = rPdn1/3 + δspill−out︸ ︷︷ ︸
cluster radius

+ rgas︸︷︷︸
gas atom radius

. (32)

Here rPd is the Wigner-Seitz radius of a palladium atom,
n is the number of atoms in the cluster, δspill−out is
an empirical constant to account for electron spill-out
and rgas is the rare gas atom radius. For rgas we have
used 21/6σgas−gas/2 which is the minimum energy dis-
tance in a Lennard-Jones dimer. We find the literature
values rPd = 1.52 Å [31] and σ = 2.58, 2.79, 3.42 and
3.61 Å for He, Ne, Ar and Kr, respectively [28]. Leopold
et al. [30] used the value δspill−out = 0.5 Å which would
yield the cross-section radii 5.5, 5.6, 6.0 and 6.1 Å for
Pd13–He, Pd13–Ne, Pd13–Ar and Pd13–Kr, respectively.
Our definition in equation (31) above suggests a consider-
ably larger increase of csr with increasing gas atom size.
The curves of 〈b |∆E|〉b versus b in Figure 3 are similar
in shape for the Pd13–Ne and Pd13–Kr collisions. Thus
we regard our definition of the cross-section to be suitable
for our application of comparing the energy transfer effi-
ciency but care should be taken when using the estimated
cross-section radius in other applications.

The average energy transfer taken over all collisions
with b < bmax we denote 〈∆E〉

Tg,Tc,bmax
. If bmax is in-

creased, 〈∆E〉
Tg,Tc,bmax

will decrease according to [8]

lim
bmax→∞

〈∆E〉
Tg,Tc,bmax

b2
max = constant. (33)

The average energy transfer that corresponds to the rea-
sonable cross-section radius estimated using equation (31)
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Fig. 5. The average energy transfer to Pd13 in collisions with
He (solid line), Ne (dashed-dotted), Ar (dashed) and Kr (dot-
ted), respectively, is shown. The energy transfer is rescaled
according to equation (33). The errorbars shown are the statis-
tical error in the form of 95% confidence intervals. (Top panel)
The gas temperature is 100 K. The cross-section radii used are
8.2 Å (He), 9.2 Å (Ne), 10.4 Å (Ar) and 11.4 Å (Kr). (Bottom
panel) The gas temperature is 300 K. The cross-section radii
used are 7.2 Å (He), 8.3 Å (Ne), 9.5 Å (Ar) and 10.5 Å (Kr).

can be calculated by

〈∆E〉
Tg,Tc

=
〈∆E〉

Tg,Tc,bmax
πb2

max

πcsr2
· (34)

Although the cross-section radius is in reality slightly de-
pendent on the cluster temperature we have used the
same radius for all cluster temperatures. The cross-section
radii that we have used in Figure 5 are for He 8.2 Å
(Tg = 100 K) and 7.2 Å (Tg = 300 K). For Ne we have
used 9.2 Å and 8.3 Å, for Ar 10.4 Å and 9.5 Å and for Kr
11.4 Å and 10.5 Å at Tg = 100 and 300 K, respectively.
The energy transfer averages in Figure 7 are rescaled to
the cross-section radii in Figure 4.

The rescaling of the average energy transfer to the rea-
sonable cross-section radii is necessary when the energy
transfer efficiency is compared between different colliding
species. In contrast, in the cooling equation (Eq. (5)) the
nonuniqueness in the choice of cross-section is fortunately
without consequence. The reason is that 〈∆E〉

Tg,Tc
is in-

versely proportional to csr2 but the collision frequency is

proportional to csr2 and the cross-section dependencies
therefore cancel each other.

The collision frequency between a single cluster and all
gas atoms in a gas mixture when Ttrans = Tg is obtained
by a well-known expression

z = πcsr2 Pg

Tg

√
8

πkBµ/Tg
(35)

(see e.g. Ref. [32]). The rare gas is ideal at the low pressure
Pg and µ is the reduced mass,

µ =
mgmc

mg + mc
· (36)

In the cooling equation, however, the collision frequency
is required between gas atoms and one cluster when
Tg 	= Ttrans. The collision frequency depends on the distri-
bution of the relative speed of the colliding particles. The
distribution is determined by the parameter µ/T when the
gas and the cluster are in equilibrium, but by α (Eq. (14))
when the translational temperatures differ. Thus, in this
case the collision frequency is

z (Ttrans, Tg, Pg) = πcsr2 Pg

Tg

√
8

πkBα (Ttrans, Tg)
· (37)

Equation (5) may now be rewritten as

dTtrans =
〈∆Etrans〉

Tg,Ttrans,Tint
z (Ttrans, Tg)

ctrans (Ttrans)
dt

=
1
Tg

√
8

πkBα (Ttrans, Tg)

〈∆Etrans〉
Tg,Ttrans,Tint

πcsr2

ctrans (Ttrans)
Pgdt.

(38)

There is no dependence on csr in the last expression in
equation (38). All the parameters and functions except
the pressure of the rare gas are known. The pressure is
however only a constant that rescales the time. The cool-
ing equation is analogous for the internal temperature

dTint =
1
Tg

√
8

πkBα (Ttrans, Tg)

×
〈∆Eint〉

Tg,Ttrans,Tint
πcsr2

cint (Tint)
Pgdt. (39)

6 Results

6.1 Energy transfer results

In Figure 5, the average total energy transfer to the clus-
ter is drawn for the gas temperatures 100 K and 300 K,
respectively, and the cluster temperatures from 100 to
1 300 K. The averages are based on N = 45 000 simulated
collisions for each pair of rare gas and cluster tempera-
ture. The figure shows that the energy transfer is zero
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(a) (b)

Fig. 6. (a) The average energy transfer to the internal degrees of freedom of the cluster in collisions with Kr is shown as a
function of internal temperature. The translational temperature is 100 K (solid line) and 1 300 K (dashed line). The temperature
of the krypton gas is 100 K. (b) The average energy transfer to the translation of the cluster is shown as a function of translational
temperature. The internal temperature is 100 K (solid line) and 1 300 K (dashed line). The temperature of the krypton gas is
100 K.

when Tg = Tc, as required. At low cluster temperatures
the energy transfer is almost linear in (Tg − Tc), but at
higher Tc the energy transfer is more efficient. One reason
is that Pd13 starts to melt at about 900 K [11] and the en-
ergy transfer to the molten cluster is more efficient. More-
over, the curves show that the energy transfer efficiency
increases with gas atom size but that the difference in ef-
ficiency between argon and krypton is relatively small. In
general, the heavier and slower gas atoms have more time
to interact with the cluster which causes an increase in
the energy transfer.

The same set of collision simulations of Pd13−Kr as in
Figure 5 are used to calculate 〈∆Etrans〉

Tg,Ttrans,Tint
when

Tint = 100 K and 1 300 K, respectively and
〈∆Eint〉

Tg,Ttrans,Tint
when Ttrans = 100 K and 1300 K, re-

spectively. The gas temperature is 100 K. The results are
drawn in Figure 6. The curves show that, in the collisions,
energy is redistributed within the cluster when Ttrans 	=
Tint. For instance, at point x in Figure 6, Ttrans = 1 300 K
and Tg = Tint = 100 K and the internal degrees of freedom
are warmed and the translation is cooled more than if Tint

had been 1300 K.

6.2 The characteristics of collision trajectories
at various impact parameters

Let us now investigate the collisions in depth. At the clus-
ter temperature 700 K, 45 000 collisions were simulated for
each of the cases Pd13−Ne and Pd13−Kr and the energy
transfer of the different modes of motion was calculated
for gas temperatures from 100 K to 900 K. The result is
shown in Figure 7. Note that the abscissa is now the gas
temperature. First we see that the average energy transfer
is zero to the translational and internal degrees of freedom

Fig. 7. The average energy transfer versus gas temperature is
shown for 45 000 collisions between Ne and Pd13 (solid lines)
and Kr and Pd13 (dashed-dotted lines). The cluster tempera-
ture is 700 K. The energy transfer is to the translational modes
(top panel), internal modes (middle) and all modes (bottom) of
the cluster. The energy transfer is rescaled according to equa-
tion (33) using the cross-section radii in Figure 4. The errorbars
shown are the statistical errors in the form of 95% confidence
intervals.
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Fig. 8. The average energy transfer versus the impact parame-
ter in 135 000 collisions between Ne and Pd13 (solid lines) and
45 000 collisions between Kr and Pd13 (dashed-dotted lines)
is shown for Tg = Tc =700 K. The energy transfer is to the
translational modes (top panel), internal modes (middle) and
all modes (bottom) of the cluster. The errorbars shown are the
statistical errors in the form of 95% confidence intervals.

as well as to the whole cluster when Tc = Tg. The curves
seem linear at high gas temperatures but at low Tg the
energy transfer efficiency increases. This enhanced energy
transfer can be explained by the fact that the gas atom
is captured by the attraction of the cluster and multiple
encounters occur for each collision. We will return to this
phenomenon in a subsequent publication.

Since each collision trajectory can be studied in simula-
tions, the dependence of various properties on the impact
parameter can be investigated. However, the outcome of
one trajectory at a specific b is so variable that it is mainly
the average behavior of a large number of trajectories that
is of interest.

In Figure 8 the energy transfer at Tg = Tc = 700 K
is drawn versus b. The figures show that equilibrium does
not necessarily imply that the energy transfer is zero for
all b. Instead it seems that collisions with a small impact
parameter heat the cluster but collisions with larger b cool
the cluster. In the special case of translational energy the
curves indicate that the energy transfer is zero for all b.
The errorbars are however large for Kr. In order to reduce
the errorbars, more collisions were simulated for Pd13−Ne
so that the curves in Figure 8 represent 135 000 collisions.
The curve for neon is so close to zero that we believe

    

 
 

   
 

Fig. 9. The average change in b versus the initial b in
45 000 collisions between Kr and Pd13 is shown for Tg =
Tc =700 K. The vertical dotted line indicates the hard core
radius of the cluster.

that it is generally true that the energy transfer to the
translational mode vanishes for all b. This is in accord with
the collisions between the hard spheres, where only the
translational mode is present (see Appendix and Fig. 16).

One of the fundamental tests of simulation results is
that they should be time reversal invariant. The curves in
Figure 8 show that collisions with a small initial b on av-
erage heat the cluster. If all the collisions were simulated
time reversed, heating trajectories would turn into cool-
ing trajectories. But since heating trajectories on average
should start at large b we find that in order to satisfy time
reversibility, collisions with small initial b must on average
end with a large b and vice versa. In Figure 9, the average
change of impact parameter, 〈bfinal − binitial〉b, is drawn
versus b for the collisions Pd13−Kr at Tg = Tc = 700 K.
Indeed, the change in b is confirmed. The zero change
is obtained when b = 5.6 Å which is approximately the
same point as where the total energy transfer turns neg-
ative (b = 5.5 Å). The vertical dotted curve indicates the
inner-most radius where the force between Pd13 and Kr
changes from attractive to repulsive at Tc = 0 K. This
radius, 5.5 Å, can be regarded a hard core radius of the
cluster and it approximately coincides with the change
from positive to negative 〈bfinal − binitial〉b.

By studying whether the gas atom is overall attracted
or repelled by the cluster, the trajectories can be divided
into two classes. The average angle φ between the final
and the initial gas velocity is calculated for the Pd13−Kr
collisions at Tg = Tc = 700 K. The curve is shown in Fig-
ure 10. For small b the collisions result in a bouncing back
such that φ is on average 140◦. The reflection gradually
decreases and with very large b, the gas atom passes by
without notice and the angle is zero. Let us now assign
a sign to the angles. If the net effect by the cluster is a
bending of the gas trajectory towards the cluster, the an-
gle is defined to be positive, otherwise it is negative (see
the inset in Fig. 10). The average of these angles is de-
noted φs. At b = 0 Å, the gas atom might bounce in any
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Fig. 10. The average change in angle of the gas atom velocity
versus the initial b in 45 000 collisions between Kr and Pd13 is
shown for Tg = Tc = 700 K. The solid line shows the change
when all angles are regarded as positive. In the inset the defini-
tion of positive and negative angle changes is illustrated. The
dashed curve shows the change of angle including sign. The
vertical dotted line indicates hard core radius of the cluster.

    

 

Fig. 11. The average change of the norm of the angular mo-
mentum is shown versus the initial b in 45 000 collisions be-
tween Kr and Pd13 for Tg = Tc = 700 K. The vertical dotted
line indicates the hard core radius of the cluster.

direction and the average angle inclusive sign is zero. For
b = 2.5 Å, a clear bounce away from the cluster can be
seen. In contrast, for large b, the average angle is posi-
tive. In such trajectories, the gas atom is attracted by the
cluster but it never collides with the hard core of the clus-
ter. The change from negative to positive angles occurs at
b = 7.1 Å. Figures 9 and 10 are in agreement. When the
initial b is small, the gas atom bounces off the rough clus-
ter surface and it is unlikely that it will leave the cluster
with the same small b. However, for larger impact param-
eters, a net attraction is experienced by the gas atom and
it leaves with a smaller b than the initial one.

The angular momentum J = |J| of the cluster exhibits
the same b-variation. In the Pd13−Kr collisions at Tg =
Tc = 700 K, the net change in J is zero. However, the

average change in J in a collision is positive for small b
and negative for b > 6.2 Å (see Fig. 11). As the cluster
is solid at 700 K [11], and hence the moment of inertia is
almost unaltered during the collision, an increase in J is
also an increase in the rotational energy.

In the trajectories with a larger impact parameter, the
net attraction of gas atom is certainly one of the reasons
why the final b is smaller. It is however not the only rea-
son. Simulations were performed with the Lennard-Jones
potential turned into a hard sphere potential. The intra-
cluster potential was unaltered. In such simulations, tra-
jectories with a large b ended on average with a smaller
b, although the gas atom was not attracted by the clus-
ter. Similarly, the energy transfer was positive for small b,
but negative to the same extent for larger b at Tg = Tc =
700 K. Hence the reason for the b variation is also an effect
due to the inherent nature of scattering in the collisions.

6.3 Solution of the cooling equation

The cooling equation was solved for the different rare gases
and the result is shown in Figure 12. The initial clus-
ter temperature was 1 300 K and the gas pressure was
100 mbar. Note that the pressure only serves to define the
timescale of the cooling while our simulations are done as
to reflect behavior in the low gas density limit. Near equi-
librium the temperature of the clusters will decay approxi-
mately exponentially and the cooling cannot reach exactly
Tc = Tg in finite time. Therefore, in order to calculate a
finite time required to cool the clusters, the cooling must
be regarded as complete when the clusters are at a tem-
perature, Tcool, higher than the gas temperature, Tg. The
limit Tcool may be defined arbitrarily in these calculations.

In an ensemble of Pd13 clusters at the temperature
T the average and standard deviation of the kinetic en-
ergy are

〈Ekin〉T = 3n/2kBT (40)

and

σEkin,T =
√

3n/2kBT. (41)

We have chosen to define Tcool by

〈Ekin〉Tcool = 〈Ekin〉Tg + σEkin,Tg . (42)

Given that n = 13 we obtain Tcool = 1.23Tg. Hence, in the
calculations at Tg = 100 K and 300 K we consider the clus-
ters to be in “preequilibrium” and completely cooled at
123 K and 369 K, respectively. The curves in Figure 12 ter-
minate at the time when these temperatures are reached.
The times, tcool, required to cool the cluster to Tcool are
listed in column three in Table 1.

The cooling of the translational temperature is indeed
much faster than the cooling of internal modes for all
gases. Furthermore we can see that the cooling to 100 K
is faster than the cooling to 300 K. The reason is that the
energy transfer efficiency is greater at Tg = 100 K than at
Tg = 300 K. This in turn is due to the fact that when the
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Fig. 12. The temperature
decay of a Pd13 cluster in
a rare gas atmosphere of
100 mbar is shown. The ini-
tial cluster temperature is
1 300 K and the cooling is
considered as complete when
the internal temperature has
reached 123 K and 369 K, re-
spectively. The solid curves
show the internal tempera-
ture and the dashed/dotted
ones show the translational
temperature. N.B. The time
scales are different for the
different gases.

Table 1. The table lists the time required to cool the cluster
to “preequilibrium”, tcool, and halftimes, τ , for the cooling of
Pd13 in collisions with the rare gas atoms. The calculations
refer to the internal degrees of freedom of the cluster. The
initial cluster temperature is 1 300 K and the gas pressure is
100 mbar.

Colliding species Tg (K) tcool (ns) τ (ns)

Pd13−He 100 152 34

Pd13−Ne 100 111 27

Pd13−Ar 100 63 14

Pd13−Kr 100 64 14

Pd13−He 300 299 88

Pd13−Ne 300 203 65

Pd13−Ar 300 132 43

Pd13−Kr 300 142 47

gas is very cold the duration of the collision is increased
and sometimes the gas atom is even captured, making mul-
tiple encounters before leaving the cluster. With a longer
collision time, the colliding species have more time to ex-
change energy.

For all gases the cooling rate has a minimum when the
internal temperature is about 1 000 K. The reason is that

the cluster is about to change from molten to solid phase
and energy must be removed for the transition to take
place.

In collision simulations it is common to assume that
the translational temperatures of the colliding species
reach equilibrium so quickly that the translation can be
assumed to be equilibrated from the start. Such an as-
sumption can be tested in our simulations. By forcing
Ttrans = Tg throughout the cooling, the internal tempera-
ture can be followed under this assumption. The resulting
curves of the internal temperature versus time are so sim-
ilar to the curves in Figure 12, that they are not distin-
guishable. The maximal difference in temperature at any
time is about 10 K. Hence we can conclude that the as-
sumption of immediate equilibration of the translation is
acceptable.

After the cluster has been cooled to solid phase the
temperature of the internal degrees of freedom decays al-
most exponentially as

Tint (t) = Tg + constant × exp (−t ln 2/τ) . (43)

In a lin-log plot the decay appears linear and the half-
time τ may be identified from the slope. The halftimes
for the cooling of the internal degrees of freedom of the
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cluster with the different gases are presented in column
four in Table 1.

Both tcool and τ show that argon qualifies as the most
efficient cooling agent being, however, only slightly better
than krypton. Neon is less efficient and helium is the least
efficient cooling agent. The reason argon can cool the clus-
ter faster than krypton even though the energy transfer
is better in collisions with krypton, is that the collision
frequency is higher for argon than for krypton.

7 Conclusion

The cooling of Pd13 in collisions with rare gas atoms
have been studied using a system of coupled differential
equations describing the temperature decay of the trans-
lational and internal degrees of freedom of the cluster.
The temperature-dependent properties that determine the
decay are the heat capacity of the cluster, the collision
frequency and the energy transfer in the gas-cluster col-
lisions. An analytical expression is used for the collision
frequency but the heat capacity and the energy transfer
were obtained by means of simulation. The heat capacity
was calculated in a previous work [11]. The energy trans-
fer has been calculated by means of molecular dynamics
simulation.

Distributions of the initial coordinates and velocities
have been derived and a simulation scheme is presented
(see Appendix) which leads to a correct zero energy trans-
fer when the temperatures of the colliding species are
equal. The average energy transfer of all modes in the
collisions with Pd13 is an almost linear function of the
temperature difference Tg − Tc except at low gas temper-
ature where the energy transfer is more efficient due to
multiple encounters.

The collisions are also investigated for different im-
pact parameters when the colliding species are in ther-
mal equilibrium. From calculations for hard spheres (see
Appendix) and from the simulation results for Pd13−Ne
collisions we draw the conclusion that the translational
energy transfer is zero for all b. The trajectories can how-
ever be divided into two classes with b less than or greater
than about 5.5 Å in the case of Kr. In collisions with
smaller b the gas atom bounces off the cluster and the gas
atom typically leaves with a larger b then the initial b. In
general, these trajectories heat the cluster and excite the
cluster angular momentum. The trajectories with larger b
are on average attracted by the cluster and the gas atom
does not experience any hard collision. In such trajecto-
ries, the gas atom is heated and the angular momentum
of the cluster is cooled. Furthermore, in such simulations,
the final impact parameter is on average smaller than the
initial one. The reason for this behavior is not exclusively
the attraction of the cluster, since the same phenomenon
is observed when the cluster-gas attraction is turned off.

The energy transfer versus b is not in full accord with
what others have observed [29,33–35]. In these earlier pub-
lications, the energy transfer never changed sign as a func-
tion of b. We suppose the reason is that in these earlier
simulations, the difference in temperature of the colliding

species was so large that energy transfer was either all pos-
itive or all negative. Indeed, that is what we have observed
when the species are far from equilibrium. The interesting
sign change in 〈∆E〉b that we have found is confined to a
small range of similar gas and cluster temperatures.

When cooling the cluster, we have observed that the
cluster translation is cooled considerably faster than are
the internal degrees of freedom. The energy transfer to the
cluster must therefore be calculated in the case when Ttrans

and Tint differ. In this case the calculations show that
in collisions an energy redistribution occurs in the clus-
ter bringing it towards translational-internal equilibrium.
The difficulty associated with determination of a proper
cross-section, involved in for instance, energy transfer effi-
ciency calculations [29], disappears in the cooling equation
as the dependence on the cross-section in both the energy
transfer and the collision frequency cancel.

The temperature decay shows first a shoulder due to
the phase transition from molten to solid cluster phase,
and then an approximately exponential decay. Figure 5
shows that when the mass of the gas atom and the gas-
cluster potential depth increase, so does the energy trans-
fer. In a previous publication we saw that both these
gas properties contribute to a greater energy transfer ef-
ficiency [8]. Due to the factor 1/

√
α in the collision fre-

quency argon, which is lighter, becomes a better cooling
agent than krypton. The difference is however small.

By implementing the condition that Ttrans = Tg

throughout the cooling, we have tested the often used
assumption that the translation is instantaneously equili-
brated with the gas on the time-scale of internal equilibra-
tion. The change in internal temperature decay caused by
this constraint was almost invisible and our calculations
therefore confirm the accuracy of the usual assumption of
thermalized translation.

The simulation sampling scheme has proven to be very
convenient since the average energy transfer can be calcu-
lated for various Tg and Ttrans, using the same set of simu-
lations. The selected temperatures then appear in weight-
ing factors applied to each simulation as it appears in an
ensemble average or distribution. We note, however, that
such a reweighting scheme will not apply in its present
simple form in the case when colliding molecules have in-
ternal degrees of freedom.

We thank Dr Nikola Marcovic at the Department of Physical
Chemistry, Chalmers University of Technology, for very fruit-
ful discussions. The project was financed by the The Swedish
Natural Science Research Council, NFR.

Appendix A: Energy transfer in binary
collisions

A.1. Colliding hard spheres

A.1.1. Collisions in a one-dimensional space

The derivation of the distribution functions of the ini-
tial velocities and coordinates that should be used in the
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Fig. 13. A particle c with the velocity vc will collide with the
particle g with the velocity vg if the distance between g and c
is less than w |vg − vc|.

simulations will be illustrated on colliding hard spheres in
one and three dimensions. Collisions between hard spheres
do not require simulation as the change in momenta of the
species is analytically obtainable. Say that a gas consists
of a homogeneous mixture of hard sphere particles g and
c. The particles are constrained to move in one dimen-
sion along an axis x. Since the only form of energy of a
hard sphere is the kinetic energy, the energy transfer to
particle c is

∆E =
mc

2

(
(vc + ∆vc)

2 − v2
c

)
, (44)

where mc is the mass and vc is the initial velocity of par-
ticle c. The velocity change of particle c in the collision
is ∆vc. Since the total momentum and the total kinetic
energy must be conserved in a collision, ∆vc is

∆vc =
2 (vg − vc)
1 + mc/mg

, (45)

where mg is the mass and vg is the initial velocity of
particle g. We now assume that all the particles g along the
x-axis are in equilibrium at the temperature Tg and that
the particles c are at temperature Tc. What is the average
energy transfer to particles c? In order to calculate this
average, the probability distribution fgc (vg,vc) of initial
velocities in a collision must be derived.

Let us pick one particle g with velocity vg and calcu-
late how many times during the time w it will collide with
particles c with velocity vc. For simplicity, g is assumed
to be located at the origin. At first, consider the case in
Figure 13: g is to the left of c, and g is moving to the right.
The particle g will collide with all particles c that initially
are in the x interval [0, w (vg − vc)]. If c moves to the right
with a higher speed than g, the particles c that are to the
left of g, in the interval [w (vg − vc) , 0] will collide with g.
Since the particles c are homogeneously spread over the
x-axis, the number of collisions must be proportional to
w |vg − vc|. The situation when g is moving to the left is
analogous and we find that fgc (vg,vc) must be propor-
tional to |vg − vc|. In addition, the distribution function
fgc (vg,vc) must be proportional to the probability that g
and c have the velocities vg and vc, respectively, which
are the Maxwell-Boltzmann distributions. The total dis-

tribution is therefore found to be

fgc (vg,vc) =

γ |vg − vc| exp

(
− mgv2

g

2kBTg

)
exp

(
− mcv2

c

2kBTc

)
, (46)

where the normalization constant is

γ =
1√
8π

k
−3/2
B

√
mg

Tg
+

mc

Tc

Tg

mg
+

Tc

mc

· (47)

Integrating over all possible velocities, the average energy
transfer is

〈∆E〉Tg,Tc
=

∞∫
−∞

∞∫
−∞

∆Efgc (vg,vc) dvgdvc

=

∞∫
−∞

∞∫
−∞

mc

2

((
vc +

2 (vg − vc)
1 + mc/mg

)2

− v2
c

)

× fgc (vg,vc) dvgdvc

= 4
mgmc

(mg + mc)
2 kB (Tg − Tc) . (48)

(The energy transfer is obtained by insertion of Eq. (45)
into Eq. (44.)) This is in agreement with the Baule ex-
pression [36,37]. The expression is in accord with thermo-
dynamics in the sense that energy is transferred from the
warmer to the colder species.

As an alternative derivation of the average energy
transfer, instead of considering vg and vc as the indepen-
dent variables, vc and the relative velocity vR = vg − vc

can be used. The change in vc is determined by the rela-
tive motion only,

∆vc =
2vR

1 + mc/mg
· (49)

The probability distribution of vR in a collision is ob-
tained by integration of fgc over all points (vg,vc) =
(vg,vg − vR):

fR (vR) =

∞∫
−∞

fgc (vg,vg − vR) dvg

= γ

∞∫
−∞

|vR| exp

(
− mgv2

g

2kBTg

)
exp

(
−mc (vg − vR)2

2kBTc

)
dvg

∝ |vR| exp
(
−αv2

R

2kB

)
(50)

where

α =

mg

Tg

mc

Tc
mg

Tg
+

mc

Tc

· (51)
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In the case when the temperatures are equal, the param-
eter α becomes µ/T where µ is the reduced mass of the
colliding particles. The energy transfer in a collision is
again equation (44) and hence, in contrast to ∆vc, ∆E
depends on both vc and vR. Consequently, the distribu-
tion of vc conditional the relative velocity vR must be
known in order to calculate the average energy transfer.
This distribution is given by the probability of a collision
with the velocities vc and vR divided by all collisions with
the relative velocity vR:

fc|R (vc|vR) =
fgc (vc + vR,vc)

∞∫
−∞

fgc (vc + vR,vc) dvc

=
|vR| exp

(
−mg(vc+vR)2

2kBTg

)
exp

(
− m2

cv
2
c

2kBTc

)
∞∫

−∞
|vR| exp

(
−mg(vc+vR)2

2kBTg

)
exp

(
− m2

cv
2
c

2kBTc

)
dvc

∝ exp

(
− (vc + δvR)2

2λ2

)
(52)

where

δ =

mg

Tg
mg

Tg
+

mc

Tc

(53)

and

λ =

√√√√ kB
mg

Tg
+

mc

Tc

· (54)

Finally, by integration over all vc and vR, the average
energy transfer is obtained as

〈∆E〉Tg,Tc
=

∞∫
−∞


 ∞∫
−∞

∆Efc|R (vc|vR) dvc


 fR (vR) dvR

=

∞∫
−∞

[ ∞∫
−∞

mc

2

((
vc +

2vR

1 + mc/mg

)2

− v2
c

)

× fc|R (vc|vR) dvc

]
fR (vR) dvR

= 4
mgmc

(mg + mc)
2 kB (Tg − Tc) . (55)

The same Baule expression for the average energy transfer
is of course found as in equation (48).

Is there any advantage in using the latter procedure to
calculate the average energy transfer? Yes, when it comes
to simulation there is an advantage. When the collisions
are not fully elastic, the calculation of the change in veloci-
ties (Eqs. (45, 49)), must be replaced by simulation. Using
the first procedure, both vg and vc must be known to cal-
culate ∆vc. With the second procedure, only vR need to

Fig. 14. A collision between the hard spheres g and c is shown.
The relative velocity vR = vg −vc is used as a direction of ref-
erence. The change of velocity of particle c, ∆vc, is split up in
components parallel and perpendicular to vR. The unit vectors
eR‖ and eR⊥ are defined to be parallel and perpendicular to
vR. eR⊥ is parallel to ∆vc⊥.

be specified in order to calculate ∆vc. The initial clus-
ter translation vc need not be specified until the energy
transfer is to be calculated. The important difference is
that the simulations may be performed with unspecified
translational temperatures.

A.1.2. Collisions in a three-dimensional space

We now turn to the case when the particles g and c move
in an infinite three-dimensional space. The derivation of
the average energy transfer at the temperatures Tg and Tc

follows the procedure with vc and vR as independent vari-
ables. In three dimensions, the change in velocity, ∆vc, as
well as the energy transfer depend on an extra variable,
the impact parameter b. A collision between g (the small
particle) and c (the large particle) is illustrated in Fig-
ure 14. As a direction of reference we choose the relative
velocity vR. Let us express the initial velocity of c in one
component along vR and one component perpendicular
to vR

vc = vc‖ + vc⊥ . (56)

The same is done for the velocity change of c,

∆vc = ∆vc‖ + ∆vc⊥ . (57)

Note that vc⊥ and ∆vc⊥ are generally not parallel or an-
tiparallel.

At the maximal impact parameter the energy transfer
vanishes. This happens when b is the sum of the radii
of the hard spheres. The maximal impact parameter is
denoted bmax. In a collisions with the impact parameter b
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and the relative speed vR = |vR| the change in velocity of
particle c may be shown to satisfy

∆vc‖ =
2vR

1 + mc/mg

(
1 − b2

b2
max

)
eR‖ , (58)

∆vc⊥ =
2vR

1 + mc/mg

b

bmax

√
1 − b2

b2
max

eR⊥ , (59)

where eR‖ and eR⊥ are unit vectors parallel and perpen-
dicular to vR, respectively. The precise direction of eR⊥
depends on where g hits c. When vc and ∆vc are expressed
in its components, the energy transfer is

∆E =
mc

2

((
vc‖ + vc⊥ + ∆vc‖ + ∆vc⊥

)2 − (vc‖ + vc⊥
)2)

=
mc

2

((
vc‖ + ∆vc‖

)2 + (vc⊥ + ∆vc⊥)2 − v2
c‖ − v2

c⊥

)
.

(60)

The simplification in the last step in equation (60) is pos-
sible since some of the vectors are perpendicular.

Let us now calculate the average energy transfer at
fixed vR and b. Integration is required over the veloci-
ties vc‖ , vc⊥ and ∆vc⊥ in equation (60) but there is no
need for integration over ∆vc‖ since it is fixed at fixed
vR and b. We have not been able to calculate the con-
ditional probability fc|R (vc|vR) analytically, but from a
computer experiment where we generated random veloci-
ties vg and vc, we were able to determine the distribution
when vc is expressed in its components:

fc‖|R
(
vc‖ |vR

) ∝ exp

(
−
(
vc‖ + δvR

)2
2λ2

)
, (61)

fc⊥|R (vc⊥ |vR) ∝ exp
(
−v2

c⊥
2λ2

)
, (62)

where δ and λ are the same as in equations (53, 54). The
distribution of vc‖ is equivalent to equation (52) in one
dimension. The rotations of vc⊥ and ∆vc⊥ around vR are
uniformly distributed but the norm of ∆vc⊥ is fixed at
fixed vR and b. The integral of ∆E at fixed vR and b
turns out to be independent of the direction on vR, but
depends on vR

〈∆E〉b,vR
=
∫

∆Ef
(
vc‖ ,vc⊥ , ∆vc⊥ |vR, b

)
d∆vc⊥dvc‖dvc⊥

(63)

〈∆E〉b,vR
is obtainable and is given by a long analytical

expression.
The next step is to integrate 〈∆E〉b,vR

over vR in or-
der to obtain the average energy transfer at fixed b. The
derivation of the distribution of vR is similar to the one in
one dimension (Eq. (50)). The distribution of the relative
velocity in the x dimension of all pairs of particles (not
only colliding particles) is (compare to Ref. [32])

f (vR,x) ∝ exp

(
−αv2

R,x

2kB

)
· (64)

Fig. 15. All particles c along the vector wvR will collide with
the particle g during the time w.

where α is the same as in the one-dimensional case
(Eq. (51)). The motions in the different dimensions are
independent which implies that

f (vR) ∝ exp
(
−αv2

R

2kB

)
· (65)

However, in order to obtain the distribution of velocities
in collisions, equation (65) has to be modified to account
for the fact that collisions between pairs of particles with
a high relative speed occur more frequently. In Figure 15,
one particle g is at the origin. All particles c that collide
with g during the time period w are counted. The parti-
cles c must initially be on a straight line from the origin to
r = wvR in order to collide. Thus, a factor |vR| which is
proportional to the number of particles c along r must be
multiplied with the distribution in equation (65) to give
the distribution of relative velocity of colliding particles:

f (vR) ∝ |vR| exp
(
−αv2

R

2kB

)
· (66)

The distribution of the relative speed is

fR (vR) ∝ v3
R exp

(
−αv2

R

2kB

)
· (67)

The average energy transfer at fixed b may be obtained as

〈∆E〉b =

∞∫
0

〈∆E〉b,vR
fR (vR) dvR

= 8

(
1 −

(
b

bmax

)2
)

mgmc

(mg + mc)
2 kB (Tg − Tc) .

(68)

One can see that 〈∆E〉b gradually decreases to zero when b
increases to bmax. The energy transfer in head-on colli-
sions (b = 0 Å), is twice the energy transfer in the one-
dimensional space (Eq. (55)). However, integration over
all b, where b is distributed according to equation (11)
leads to

〈∆E〉
Tg,Tc

=

bmax∫
0

〈∆E〉b fb (b) db

= 4
mgmc

(mg + mc)
2 kB (Tg − Tc) . (69)
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The result is interesting as it is equal to the one-
dimensional result. The implication is that in the three-
dimensional case, only one dimension is effectively in-
volved in the collisional energy transfer between hard
spheres.

A.2. Collisions between Pd13 and rare gases

The initial positions and velocities should be randomly
generated in order to give the energy transfer at desired
gas temperature Tg and cluster temperature Tc. The dis-
tribution functions just derived should now be used in or-
der to generate initial translational velocities and impact
parameter for the gas-cluster collisions. Two modifications
are however employed. First, instead of the true distri-
bution of the impact parameter (Eq. (11)) we have used
equation (12). The reason to simulate relatively many tra-
jectories with small b is that these trajectories contribute
most significantly to the average energy transfer and the
statistical accuracy is thereby enhanced. When calculat-
ing the average energy transfer, the use of the “incor-
rect” f̃b (b) will be compensated by an appropriate weight
factor.

Second, the initial relative speed should be generated
according to equation (67) but instead we have used the
normalized function f̃R (vR) which is linear in v2

R. The
distribution f̃R (vR) is a compromise between the dis-
tributions in equation (67) in the temperature intervals
100 K < Tg < 900 K and 100 K < Tc < 1 100 K (see
Fig. 2). The advantage is that f̃R (vR) can be defined
to be independent of the temperatures. An appropriate
weight factor g (b, vR) will make sure that the average en-
ergy transfer corresponds to the desired pair of tempera-
tures (Tc, Tg):

〈∆E〉
Tg,Tc

=

∞∫
0

bmax∫
0

〈∆E〉b,vR
fb (b) fR (vR) dbdvR

=

∞∫
0

bmax∫
0

〈∆E〉b,vR

fb (b) fR (vR)
f̃b (b) f̃R (vR)︸ ︷︷ ︸

g(b,vR)

f̃b (b) f̃R (vR) dbdvR.

(70)

The initial atomic coordinates and velocities relative
the center of mass of the cluster must be gener-
ated. The probability of a spatial configuration R =
[x1, y1, z1, x2, ..., z13] is proportional to the Boltzmann
factor exp (−U (R) /kBTc). Monte Carlo simulation with
fixed temperature has been used to generate initial con-
figurations for the collisions. At a fixed temperature the
internal coordinates and the internal velocities are inde-
pendent of each other. The velocity in the x-direction of
an atom in the cluster should be sampled according to [32]

f (vx,j) ∝ exp

(
−mPdv

2
x,j

2kBTc

)
, j = 1, ..., 13, (71)

with a subsequent subtraction of the center of mass veloc-
ity. Analogous sampling applies for the y- and z-directions.
The set of internal velocities and the set of spatial configu-
rations are connected to form a set of initial configurations
of the cluster.

The following scheme is used to simulate the average
energy transfer to the cluster based on N collisions. Par-
ticle g refers to the gas atom and c to the cluster.

(i) Generate N spatial configurations of Pd13 at
fixed Tc using Monte Carlo simulations.

(ii) Generate N sets of internal velocities to the palla-
dium atoms according to equation (71).

(iii) Generate a set of relative velocities vR,i, i =
1, ..., N , with the relative speed vR distributed ac-
cording to f̃R (vR) in Figure 2.

(iv) Generate bi according to f̃b (b). The gas atom is
placed so that the distance to the nearest palladium
atom is equal to the cut-off of the LJ potential. The
collision is aborted when the rare gas atom again is
out of the range of interaction from the cluster.

(v) Run the simulations and calculate ∆vc,i for the
translational motion of the cluster and ∆vg,i which
is the change in velocity of the gas atom.

(vi) Set the desired Tg. When the temperatures
are chosen, the weight function g (bi, vR,i) =
fR (vR,i) fb (bi) /f̃R (vR,i) f̃b (bi) can be calculated
for each collision i.

(vii) For each collision, generate the initial vc‖,i accord-
ing to fc‖|R

(
vc‖ |vR,i

)
in equation (61). Generate

vc⊥,i with a norm according to fc⊥|R (vc⊥ |vR) in
equation (62) and a random direction of vc⊥,i.

(viii) Calculate the average energy transfer using the
weight g (bi, vR,i)

〈∆E〉Tg,Tc
≈

N∑
i

∆Eig (bi, vR,i)

N∑
i

g (bi, vR,i)
, (72)

where the energy transfer to the cluster in collision i
is calculated by equation (15–17).

(ix) The average energy transfer for the collisions with
b′ < b < b′′ is

〈∆E〉Tg,Tc,b
≈

Nb∑
i

∆Eig (bi, vR,i)

Nb∑
i

g (bi, vR,i)
(73)

where the sum is over the Nb collisions with b′ <
b < b′′.

(x) If desired, restart from (vi).

As seen, the N simulated collisions can be used for dif-
ferent gas temperatures. The temperature of the cluster
must however be specified before running the simulations
since this temperature is a parameter in the distribution
of the initial spatial configuration of the cluster. The sim-
ulation scheme is tested in the case of two colliding hard
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Fig. 16. The average energy transfer in three-dimensional col-
lisions between hard spheres with masses mg = 1 and mc = 2.
kBTg = 2 and from the bottom, kBTc = 1, 1.5, 2, 2.5, 3. The
grey lines show the analytical energy transfer according to
equation (65). The black dashed lines show the average energy
transfer from 25 000 collisions using the simulation scheme.

spheres in three dimensions with mg = 1, mc = 2 and
kBTc = 2 in dimensionless units. In Figure 16, the average
energy transfer to c is drawn versus b for a few Tc. The
solid curves are obtained according to equation (68) and
the dashed curves are obtained by using the simulation
scheme with N = 25 000 collisions. Accurate agreement is
found.
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26. D. Tománek, S. Mukherjee, K.H. Bennemann, Phys. Rev.
B 28, 665 (1983); W. Zhong, Y.S. Li, D. Tománek, Phys.
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